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$\Omega$ $\partial\Omega$ $\mathrm{R}^{n}$ , (BVP)
$\{$
$(L+\lambda)u=f$ in $\Omega$
$u\in M$ at $\partial\Omega$
. $u=(u_{1}, \ldots, u_{N})$
.
$\partial_{j}=\partial/\partial x_{j}$ ,
$Lu= \sum_{j=1}^{n}A_{j}(x)\partial_{j}u+B(x)u$ , $A_{j}(x),$ $B(x)\in C^{\infty}(\overline{\Omega})$ , $A_{j}^{*}(x)=A_{j}(x)$
. $M(x)(x\in\partial\Omega)$ $\mathrm{C}^{N}$ , maximal positive





$\langle A_{b}(X)V, V\rangle\geq 0$ , $\forall v\in M(x)$ ,
$\dim M(x)=\#${ $A_{b}(x)$ }.
, “ $f$ regularity , $u$ regularity
? ” .
$A_{b}(x)$ rank $\partial\Omega$ .
( [6], [7] ). rank – ,
[5] . [5] ,
.
$O^{+}(O^{-})=$ { $x\in\partial\Omega;A_{b}(x)$ ( ) }
$\gamma^{\pm}$ $O^{\pm}$ , $\gamma=\gamma^{+}\cup\gamma^{-}$ , $A_{b}(x)$
$\partial\Omega\backslash \gamma$ , $M(x)$ $\partial\Omega\backslash \gamma$
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. ( $\gamma^{+}=\gamma^{-}$ [5]
). $M(x)$ .
$M(x)=\{$
$\mathrm{C}^{N}$ if $x\in O^{+}$
$\{0\}$ if $x\in O^{-}$ .
. $\in\gamma$
$\overline{x}$ $U$ : $\mathrm{K}\mathrm{e}\mathrm{r}A_{b}(x)$ $\gamma\cap U$ rank vector bundle
$V(x)=(v_{1}(x), \ldots , v_{P}(x))$
, $h\in C^{\infty}(U)$ $\gamma\cap U$
$h(x)^{-1}V^{*}(X)A_{b}(X)V(x)$ , $V^{*}(x)A_{h}(X)V(x)$
$\gamma\cap U$ definiteness .
$A_{h}(x)= \sum_{j=1}(\partial_{j}h)(X)A_{j}(x)$
. , $V(x),$ $h(x)$ . (
$\gamma^{+}=\gamma^{-}$ [5] ).
.
$m_{\pm}(X)=\{r(x)^{2}+h_{\pm}(X)^{2}\}^{1}/2$ , $\phi_{\pm}(x)=m(X)-h\pm(x)$ .
$r(x)\in C^{\infty}(\overline{\Omega})$ $\Omega=\{r(x)>0\}$ $\partial\Omega$ $dr(x)\neq 0$
, $h_{\pm}(x)\in C^{\infty}(\overline{\Omega})$ $O^{\pm}=\partial\Omega\cap\{h\pm(x)>0\}$ $\gamma^{\pm}$ $dh\pm(x)$ $\nu(x)$
. $\emptyset\pm$ .
$\phi_{\pm}(x)\{$
$>0$ if $x\in\overline{\Omega}\backslash (O^{\pm}\cup\gamma^{\pm})$
$=0$ if $x\in O^{\pm}\cup\gamma^{\pm}$ .
$q\in \mathrm{z}_{+}$ $s,$ $t\in \mathrm{R}$ .
$x_{()}^{q_{S,t}}(\Omega;\partial\Omega)=j=\cap\phi^{S}+\phi+q-jt+q-jH^{j}0q-(\Omega;\partial\Omega)$
$H^{j}(\Omega;\partial\Omega)$ $\partial\Omega$ conormal $i$ Sobolev .
.
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1.1 $q\in \mathrm{z}_{+}$ $\sigma(q)>0$ : $s,$ $t>\sigma(q)$
$\Lambda(q, s, t)\in \mathrm{R}$ , ${\rm Re}\lambda>\Lambda(q, s, t),$ $f\in X_{(t}^{q}-S,)(\Omega;\partial\Omega)\cap\phi_{-L^{2}}(\Omega)$
$||u||^{2_{q}}\mathrm{x}_{(-s,\iota)}(\Omega;\partial\Omega)+||\phi_{-}^{-1}u||_{L(\Omega}22)\leq C_{1}\{||f||^{2_{q}}\mathrm{x}-s,\iota)(()\Omega;\partial\Omega+||\emptyset_{-}-1f||_{L^{2}()}2\Omega\}$
(BVP) $u\in X_{(-s,t}^{q}$) $(\Omega;\partial\Omega)\cap\emptyset-L^{2}(\Omega)$ .
$c_{1}=c_{1}(q, s, t, \lambda)>0$ $f,$ $u$ .
2.
1.1 . $f\in C_{0}^{\infty}(\Omega)$ . [5] .
2.1 $\Lambda\in \mathrm{R}$ ${\rm Re}\lambda>\Lambda$ , $f\in C_{0}^{\infty}(\Omega)$ (BVP)
$u\in L^{2}(\Omega)$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\cap(O^{-}\mathrm{U}\gamma^{-)=}\emptyset$ .
2 , $f\in C_{0}^{\infty}(\Omega)$ 1.1 .
2.2 $q’\in \mathrm{z}_{+}$ $\sigma(q’)>0$ : $s,$ $t>\sigma(q’)$
$\Lambda(q’, s, t)\in \mathrm{R}$ ${\rm Re}\lambda>\Lambda(q’, s, t)$ , $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}u\cap(o^{-\cup\gamma}-)=\emptyset$
$u\in L^{2}(\Omega)$ $f\in C_{0}^{\infty}(\Omega)$ (BVP) , $u$
$u\in x_{(-}^{q’}(s,t)\partial\Omega;\Omega)$ .
2.3 $q\in \mathrm{z}_{+}$ $\sigma(q)>0$ : $s,$ $t>\sigma(q)$
$\Lambda(q, s, t)\in \mathrm{R}$ ${\rm Re}\lambda>\Lambda(q, s, t)$ $q’\in \mathrm{Z}_{+}$ $q’>q+n/2+1$
, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\cap$ ( $O^{-}\mathrm{U}\gamma^{-)=}\emptyset$ $u\in x_{(-}^{q’}(s,t)\partial\Omega;\Omega$ ) $f\in C_{0}^{\infty}(\Omega)$
(BVP) , .
$||u||^{2_{q}}x_{(-s,t}(\Omega;\partial\Omega)+)||\phi_{-}^{-}1u||_{L^{2}}2(\Omega)\leq C_{1}\{||f||_{\mathrm{x}}2_{q,(-s},t)(\Omega;\partial\Omega)+||\emptyset_{-}-1f||_{L^{2}()}2\Omega\}$.
$C_{1}=C_{1}(q, s, t, \lambda)>0$ $f,$ $u$ .
$f\in x_{(-s,t}^{q}()\Omega\Omega;\partial)\cap\phi_{-L^{2}}(\Omega)$ . $C_{0}^{\infty}(\Omega)$
$X_{(-s,t}^{q})(\Omega;\partial\Omega)\cap\phi_{-}L^{2}(\Omega)$ , $f$ $C_{0}^{\infty}(\Omega)$
.
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Regularity 22 . , 22
. .
$\gamma^{+}$ $U$ . ( $\gamma^{+}\cap U$
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{K}\mathrm{e}\mathrm{r}A_{b}(X)=P$ ). .
$r=x_{1}$ , $h_{+}=x_{2}$ , $\Omega=\mathrm{R}_{+}^{n}$ , $\partial\Omega=\partial \mathrm{R}_{+}^{n}$ ,
$\gamma^{+}=\{(0,0, X^{J})’;x’J\in \mathrm{R}^{n-2}\}$ , $O^{+}=\{(0, x’);X2>0\}$ .
$x=(X_{1}, X^{;})=(X_{1}, X_{2}, X’)’=(x_{1}, x_{2}, x3, \ldots, xn)$ $u\in$
$L^{2}(\mathrm{R}_{+}^{n})$ $f\in C_{0}^{\infty}(\mathrm{R}_{+}n)$ (BVP) .
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\subset\{|x|<1, x_{1}\geq 0, \phi_{-}(x)>\eta\}$ .
$\eta>0$ paramater .




$\{0\}\cross \mathrm{c}^{N}-p$ if $x_{2}<0$ .
$I_{p},$ $I_{N-p}$ $P$ , $N-p$ .
3. Tangental regularity
$||\cdot||$ $L^{2}(\mathrm{R}_{+}^{n})$ $L^{2}(\mathrm{R}^{n})$ norm .
$\mathrm{R}_{+}^{n}$ , $\partial \mathrm{R}_{+}^{n}$ conormal $q$ Sobolev
$H^{q}(\mathrm{R}_{+}^{n}; \partial \mathrm{R}n)+$ .
$H^{q}(\mathrm{R}_{+}^{n};\partial \mathrm{R}_{+}n)=\{w\in L^{2}(\mathrm{R}_{+}^{n});\mathrm{Z}^{\alpha}w\in L^{2}(\mathrm{R}_{+}^{n}), |\alpha|\leq q\}$,
$||w||_{H(}^{2}q\mathrm{R}_{+}^{n};\partial \mathrm{R}_{+}^{n})=\Sigma|\alpha|\leq q||\mathrm{z}\alpha w||2$ .
$\mathrm{Z}=(x_{1}\partial 1, \partial 2, \ldots, \partial n)$ . $H^{q}(\mathrm{R}_{+}^{n}; \partial \mathrm{R}n)+$
, .
$w(\# x)=w(e^{x_{1}}, x’)e^{x_{1}}/2$ , $a^{\mathfrak{h}}(x)=a(e^{x\prime}1, x)$ .
$\#$ : $L^{2}(\mathrm{R}_{+}^{n})arrow L^{2}(\mathrm{R}^{n}),$ $\#$ : $L^{\infty}(\mathrm{R}_{+}^{n})arrow L^{\infty}(\mathrm{R}^{n})$ norm
, $(aw)\#=a\#_{w}\#$ . .
$\partial_{1}(w^{\#})=(\mathrm{z}_{1}w)\#+(w)^{\#}/2$ , $\partial_{j}(w^{\#})=(\mathrm{z}jw)\#$ , $2\leq j\leq n$ ,
$\partial_{j}(a^{\#})=(\mathrm{Z}_{j}a)^{\mathfrak{h}}$ , $1\leq j\leq n$ .
.
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3.1 $w\in H^{q}(\mathrm{R}_{+}^{n}; \partial \mathrm{R}n)+$ , $w\#\in H^{q}(\mathrm{R}^{n})$
. , $||w||_{H^{q(;\partial}}\mathrm{R}^{n}+\mathrm{R}_{+}^{n}$ ) $||w|\#|_{H^{q}}(\mathrm{R}^{n})$ norm .
$w\in H^{q}(\mathrm{R}_{+}^{n}; \partial \mathrm{R}n)+$ , $||\cdot||_{Hq(\mathrm{R}^{n};\partial \mathrm{R}_{+}^{n}}+$ )
norm . ([3] 24 ).
$||w||_{q}^{2},tan$ $=||w^{\#}||_{q}^{2}$ $= \int_{\mathrm{R}^{n}}|(w)^{\wedge}\#(\xi)|2\langle\xi\rangle^{2}qd\xi$ ,
$||w||^{2}q,tan, \delta=||w^{\#}||_{q,\delta}2=\int_{\mathrm{R}^{n}}|(w^{\#})^{\wedge}(\xi)|^{2}\langle\xi\rangle^{2q2}+\langle\delta\xi\rangle-2d\xi$, $0<\delta\leq 1$ .
$(w)^{\wedge}\#(\xi)$ $w(\# x)$ Fourier . norm
. ( [3] ).
3.2 $q\in \mathrm{Z}_{+}$ $q\geq 1$ . (i), (ii) .
(i) $w\in H^{q}(\mathrm{R}_{+}^{n};\partial \mathrm{R}n)+$ .
$\backslash$ . . $\cdot$ : :.
(ii) $w\in H^{q1}-(\mathrm{R}_{+)}^{n}\partial \mathrm{R}_{+}^{n})$ , $||w||_{q,\delta}tan$, $0<\delta\leq 1$ – .
, $||w||_{q-}1,tan,\delta\nearrow||w||_{q,a}tn(\delta\searrow 0)$ .
.
3.3 $q\in \mathrm{Z}_{+},$ $q\geq 1$ $\sigma(q)>0,$ $c_{0}(q)>0$ :
$s,$ $t>\sigma(q)$ $\Lambda(q, s, t)\in \mathrm{R}$ ${\rm Re}\lambda>\Lambda(q, s, t)$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\subset\{|x|<1, x_{1}\geq 0, \phi_{-(X})>\eta\},$ $u\in X_{(t}^{q-1n}-S+1,+1)(\mathrm{R}_{++};\partial \mathrm{R}n)$
$u\in L^{2}(\mathrm{R}_{+}^{n})$ $f\in C_{0}^{\infty}(\mathrm{R}_{+}n)$ (BVP) .
$\phi_{+^{\phi_{-}^{-}}}^{S}tu\in H^{q-1}(\mathrm{R}_{++}^{n};\partial \mathrm{R}n)$ , $0<\delta\leq 1$ .
$( \min(s,t)-\sigma(q))||\phi^{S}+\emptyset_{-}-tu||^{2}q-1,tan,\delta$
$.\leq c_{0}(q)\{||\phi^{s}+\phi^{-t}-f||2q-1,tan,\delta+||\phi_{+}^{s}\emptyset_{-}^{-t}u||_{qan}2\}-1,t,\delta$
$+C_{1}\{||f||^{2}X^{q-1}(1,t1)|(- s++\mathrm{R}_{+}^{n};\partial \mathrm{R}_{+}^{n})|u||^{2}x_{(+}q-1(1)+;\mathrm{R}n\partial++|- s+1,t\mathrm{R}_{+}^{n})|f||^{2}+||u||^{2}\}$.
$C_{1}=C_{1}(q, s, t, \lambda, \eta)>0$ .
2.2 . $q’$ induction . $q’=0$ ,
$q’-1$ $q’$ . $s’=s-1,$ $t’=t+1$
induction .
$u\in x_{(t’)}q’-1(-S’,n\mathrm{R}_{++};\partial \mathrm{R}n)$ $=$ $X_{(1,t1}^{q’-1}-s++)(\mathrm{R}_{++}n;\partial \mathrm{R}n)$
$=$ $q’j=0\overline{\cap}\phi_{+}-s+q^{J}-j\emptyset_{-}t+q-\prime jH^{j}(\mathrm{R}_{+}^{n};\partial \mathrm{R}_{+}^{n})1$ .
33 . $||\phi_{+^{\phi_{-f||_{q’\delta}}}}^{S}-t-1,tan,\leq\exists C$
, $||\phi_{+}^{S}\emptyset_{-|}^{-}tu|_{q\delta}’-1,tan$, $0<\delta\leq 1$ – ,
32 $u\in\phi_{+}^{-S}.\phi_{-^{H}}^{t}q’(\mathrm{R}^{n};\partial++\mathrm{R}n)$ $u\in x_{(-}^{q’}(S,t)+;\mathrm{R}^{n}\partial \mathrm{R}n+)$ .
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3.3 .
$J_{\epsilon}w(X)= \int_{\mathrm{R}^{n}}w(x1e-y_{1},’-Xy)’-y1/2(e\chi\epsilon y)dy$ , $0<\epsilon\leq 1$ .
$\chi\in C_{0}^{\infty}(\mathrm{R}^{n})$ , $\chi_{\epsilon}(y)=\epsilon^{-n}x(\epsilon^{-}1y)$ .
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi\subset\{|y|<1, y_{1}<0, y_{2}>0\}$ ,
$\hat{\chi}(\xi)=O(|\xi|^{k})$ , $(\xiarrow 0)$ ,
$\hat{\chi}(t\xi)=0,$ $\forall t\in \mathrm{R}\Rightarrow\xi=0$ .
$k>0$ . $(J_{\epsilon}w)\#=w*\#\chi_{\epsilon}$ $[\mathrm{Z}_{j}, J_{\epsilon}]=0$
. [3] Theorem 2.4.1. , .
3.4 $q\in \mathrm{Z}_{+},$ $1\leq q<k$ $c_{0}=C_{0}(q)>0$ ,





33 . $q\in \mathrm{z}_{+},$ $q\geq\cdot 1$ .
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\subset\{|x|<1, x_{1}\geq 0, \phi_{-}(X)>\eta\},$ $u\in X_{(+1,t1}^{q-1}-S+)(\mathrm{R}n+;\partial \mathrm{R}n+)$
$u\in L^{2}(\mathrm{R}_{+}^{n})$ $f\in C_{0}^{\infty}(\mathrm{R}_{+}n)$ (BVP) $\mathrm{s}$
$\phi_{+^{\phi_{-}^{-}}}^{S}tu\in H^{q-1}(\mathrm{R}_{++}^{n};\partial \mathrm{R}n)$ ,
. 3 .
4.1 $\sigma_{0}>0,$ $c_{0}>0$ : $s,$ $t>\sigma_{0}$ $\Lambda(s, t)\in \mathrm{R}$
${\rm Re}\lambda>\Lambda(s, t)$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\subset\{|x|<1, x_{1}\geq 0, \phi_{-}(X)>\eta\}$
$u\in L^{2}(\mathrm{R}_{+}^{n})$ (BVP) , $0<\epsilon\leq 1$ .
$( \min(S, t)-\sigma_{0})||\phi^{s_{\emptyset_{-}Ju}}+-t\epsilon||2\leq c_{0}||m+\emptyset s\phi_{-}^{-t}+(L+\lambda)J\epsilon u||2$ .
4.2 $a(x, y)\in B^{\infty}(\mathrm{R}n\cross \mathrm{R}n)$ . $\alpha\in \mathrm{Z}_{+}^{n}$
$c=c(\alpha)>0$ : $w\in H^{q-1}(\mathrm{R}_{++}n ; \partial \mathrm{R}n)$ .








$c||w||^{2}$ , $|\alpha|\geq q$ .
4.3 $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}w\subset\{|x|<1, x_{1}\geq 0\}$ $w\in X_{(_{\acute{S}’},t\text{ ^{}(}+}\mathrm{R}^{n};+\partial \mathrm{R}^{n}$ ) ,
2 norm .
$||w||_{X_{(,)}}q_{St}’,J(\mathrm{R}_{+}n;\partial \mathrm{R}_{+}^{n})$ ’ $\sum_{|\alpha|\leq q’}||\phi+-S’-q’+|\alpha|\phi---t’|\mathrm{Z}^{\alpha}w|q’+|\alpha|$ .
. ( 42 [3] Theorem 242
).
33 . 34 .
$||\phi_{+^{\phi_{-|}}}^{S}-tu|^{2}q-1,tan,\delta$










$|\beta|=0$ , $U_{\beta}=(\phi_{+^{\phi_{-}u}}^{S}-tJ_{\epsilon})\#$ 4.1 . $|\beta|\geq 1$ ,
$|\mathrm{Z}^{\beta}(\phi^{S}+\phi_{-}^{-}t)|\leq\exists C\phi_{+}^{s-|}\emptyset\beta|-t--|\beta|$ v .
4.4 $c>0$ : $x-y\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\#,$ $y\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}x\epsilon$ (X, $y$ )
$0\leq\theta\leq 1$ , .
$(\phi_{+})^{\mathfrak{h}}(x-\theta y)\leq c(\phi_{+})\#(X-y)$ , $\cdot$ $(\phi_{-}^{-1})\#(x-\theta y)\leq c(\phi_{-}^{-1})^{\mathfrak{h}}(x-y)$ .
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$C_{1}||u||^{2}$ , $|\beta|=q+1$ .
.
$( \min(s, t)-\sigma_{0})||\phi_{+}s\emptyset^{-t}-u||^{2}q-1,tan,\delta$
$\leq$ $c_{0} \int||(m_{+}\phi_{+^{\phi^{-t}}}^{s}-)^{\#}((L+\lambda)J\epsilon u)\#||^{2-2q}\epsilon(1+\delta 2/^{2}\epsilon)^{-}1d\epsilon/\epsilon$
$+C_{1}$ { $||u||^{2}X$ +l,t+l)(R$+n;\partial \mathrm{R}_{+}^{n})+||u||^{2}$ }.
.
$((L+\lambda)J_{\epsilon}u)^{\#}=(J\epsilon(L+\lambda)u)\#+([L, J\epsilon]u)^{\#}$.










$\int a(x, y)u^{\#}(X-y)y\chi\alpha\epsilon(y)dy$ , $|\alpha|=1$ ,
$\int a(x, y)\partial x_{j}u(\# x-y)y^{\alpha}x\epsilon(y)dy$ , $|\alpha|=1$ .
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$=$ $A_{b}(x) \int(\partial_{1}u)^{\#}(x-y)e^{-y_{1}}x_{\epsilon}(y)dy-\int A_{b}(x-y)(\partial 1u)\#(X-y)\chi_{\epsilon}(y)dy$
, .







, $([A_{b}\partial_{1}, J_{\epsilon}]u)\#$ .
$\int a(x, y)(m_{+}-2)^{\#}i(X-y)u(\# x-Xy)y\chi\alpha\epsilon(y)dy$,
$\int a(x, y)(m_{+}-2xxi)^{\#}(X-y)\partial u^{\#}(jx-y)y^{\alpha}\chi\epsilon(y)dy$,
$\int a(x, y)(m_{+}-2)i(\#-Xy)X((L+\lambda)u)^{\#}(x-y)yx\epsilon\alpha(y)dy$ .
$i=1,2$ , $1\leq i\leq n$ , $|\alpha|=1$ . $(m_{+}^{-2_{X_{i})}}\#(X-y)$
. , $m_{+}^{-2}$ 1 $x_{i}$
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